We propose a basic mechanism for isochronal synchrony and communication with mutually delay-coupled chaotic systems. We show that two Ikeda ring oscillators (IROs), mutually coupled with a propagation delay, synchronize isochronally when both are symmetrically driven by a third Ikeda oscillator. This synchronous operation, unstable in the two delay-coupled oscillators alone, facilitates simultaneous, bidirectional communication of messages with chaotic carrier waveforms. This approach to combine both bidirectional and unidirectional coupling represents an application of generalized synchronization using a mediating drive signal for a spatially distributed and internally synchronized multi-component system. 05.45.Vx, 05.45.Xt, 42.65.Sf 
When two identical nonlinear chaotic oscillators are bidirectionally coupled with a time delay for the propagation of signals between them, it is well known that they do not display stable isochronal synchrony. Any slight asymmetry between the two systems, such as different initial states or experimental noise, will prevent the isochronal solution.
One realistic possibility is that the two oscillators synchronize instead with a time delay given by the propagation time (achronal synchrony), 9 10 a behavior characteristic of unidirectionally delay-coupled systems. However, achronal synchrony in bidirectional systems is both less stable and exact, making it non-ideal for use in communication. For example, the roles of leader and follower often switch randomly between the two oscillators. 11 Sometimes, the signal from either system can be shifted by the time delay to reveal approximate synchrony, in which case no clear leader or follower can be defined. 12 Finally, achronal synchronization errors are only vanishing for periodic signals.
We report here a method to achieve stable isochronal synchrony between two mutually delay-coupled oscillators through use of a third dynamical system. Isochronal synchrony is important for practical purposes as it enables symmetric protocols in bidirectional communication and sidesteps the instabilities in delay-coupled systems discussed above.
In Ref. [13] , isochronal synchrony between two mutually delay-coupled semiconductor lasers was attained by adding to each laser self-feedback loops matched to the coupling delay time. 13 Moreover, Fischer and colleagues 14 recently studied isochronal synchrony between the outer oscillators in a chain of three mutually delay-coupled oscillators, extending the results of an earlier experiment where coupling was instantaneous. 15 We implement a variation based on generalized synchronization that combines bidirectional and unidirectional coupling and is both robust and direct. The model nonlinear system of our study is the Ikeda ring oscillator (IRO), a simplified representation of a ring laser. As depicted in Fig. 1 
Similarly to Ref. [ The three IRO coupling scheme of Fig. 1 is numerically represented by substituting alternate forms ) (t E′ for ) (t E in the governing dynamical equations. We may write:
where
For simplicity, propagation delays from the drive system IRO3 to either of the mutually coupled IROs are ignored. Our results hold as long as the unidirectional delays from IRO3 are equal; that is, IRO3 symmetrically influences IROs 1 and 2. We further assume that the time delay 12 τ of the signal from IRO1 into IRO2 and the delay 21 τ from IRO2 to 
for time series of five-hundred roundtrips after waiting five-hundred roundtrips for transients to decay. The subscript n for the summation refers to the time step, and … denotes the mean value over the entire time series. , which increases with the drive strength to a limiting value that is less than one (complete synchrony). For private communications, the optimal setting of the drive strength should be just above * 3 κ in order to minimize the resemblance of the carrier waveforms to the drive waveform, yet maintain synchrony between the communicating systems.
The dynamics of our coupling scheme is in essence the generalized synchronization (GS) 20 of a spatially distributed system (IROs 1 and 2) to the driver IRO3. The drive signal alone, rather than the initial conditions of IROs 1 and 2, determines the long-run synchronized behavior. We emphasize that the significant difference here from the usual situation in GS is that the driven "system" is actually composed of mutually coupled subsystems, which identically synchronize. In addition, this synchrony between the mutually coupled oscillators is not contingent on the dynamical nature of the drive signal.
In Fig. 4 , we have synchronized IROs 1 and 2 using as the drive system (a) an IRO that is Perhaps a more intuitive interpretation of our scheme comes from comparison with the auxiliary systems approach 22 
We now inject the transmitted message, delayed by the propagation time, into the transmitting ring cavity. This encoding process for bidirectional communication, while more involved than that used in unidirectional systems, ensures that the effect of the messages is symmetric, thus preserving complete synchrony. Our scheme retains the key advantages of chaos modulation; transmitted messages may be of arbitrary size and actively influence the dynamical evolution.
, decoding (at time t) is accomplished by subtracting the receiver's own cavity field, delayed by the propagation time, from the total field received from the opposite oscillator: E , B , α , and γ . Message fidelity deteriorates, but remains errorfree. We note that additive white noise in the field equations has a similar effect on decoding by introducing non-vanishing synchronization errors. Finally, the bottom trace depicts the recovered message using the conventional encoding technique of equations (10) and (11). We note that decoding under this scheme fails completely at higher bit rates and larger message sizes. In light of the recent interest in developing a public key cryptographic system using chaotic systems, 24 we discuss briefly the security aspect of our scheme while making no claims of immunity against a designed attack. In many unidirectional chaos communication techniques, the evolution of the receiver is determined by a single signal from the transmitter. If the drive signal is intercepted, then the attacker would be able to reconstruct the dynamics of the intended receiver by inputting the intercepted signal into an identical system. However, due to the degeneracy of the synchronized solution, achieving exact parameter match over a potentially large parameter space is extremely difficult. In our bidirectional, three-oscillator scheme, the dynamics of each communicating system are determined by three sources rather than one: the mediating drive signal, the received carrier signal, and the transmitted message. Reasonably, the attacker lacks knowledge of the transmitted message. Thus, even with an identical receiver, exact reconstruction of the decoding waveform cannot be performed with the intercepted drive and mutual coupling signals alone. Although in practice attackers can gain significant information on the transmitted messages with only an approximate decoding waveform, we believe further work on our ideas may be able to minimize this threat. Ideally, the transmitted message of each "receiver" would serve the dual function of a private encryption key and be leveraged even when only one message is being sent.
Along the same lines, we may view the common drive signal that mediates the synchrony between the two communicating oscillators as the public encryption key.
In summary, we have achieved isochronal synchrony between two bidirectionally, delaycoupled Ikeda ring oscillators through the symmetric injection of a unidirectional signal from an independent chaotic source. The mutually coupled Ikeda oscillators, models for ring lasers, evolve in generalized synchrony with the drive signal under a complex functional relationship that incorporates multiple time scales. We emphasize that this isochronal synchrony, unstable otherwise, is essential for bidirectional information communication. A robust chaos modulation technique is implemented to transmit independent messages simultaneously and bidirectionally. This technique allows both message signals to actively influence the dynamics of the communicating systems, sustaining rather than perturbing synchrony. We have carried out preliminary numerical simulations to test the extension of these ideas to larger numbers of delay-coupled oscillators driven by a common mediator. Experiments to test these concepts and results on systems of fiber ring lasers and semiconductor lasers are in progress.
